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Abstract

Thelinearstrainmeasureghatarecommonlyusedin real-timean-
imationsof deformableobjectsyield fastand stablesimulations.
However, they are not suitablefor large deformations. Recently
morerealisticresultshave beenachieved in computergraphicsby
usingGreens non-linearstraintensor but the non-linearitymakes
the simulationmorecostlyandintroducesnumericalproblems.

In this paper we presenta new simulationtechniquethatis sta-
ble andfastlik e linear models,but without the disturbingartifacts
that occurwith large deformations. As a precomputatiorstep,a
linear stiffnessmatrix is computedfor the system. At every time
stepof the simulation,we computea tensorfield thatdescribeshe
local rotationsof all the verticesin the mesh. This field allows us
to computethe elasticforcesin anon-rotatedeferencdramewhile
usingthe precomputedtiffnessmatrix. Themethodcanbeapplied
to both finite elementmodelsand mass-pring systems. Our ap-
proachprovidesrobustnessspeedandarealisticappeaancein the
simulationof large deformations.

CR Categories: 1.3.7 [ComputerGraphics]: Three-Dimensional
GraphicsandRealism—AnimatiorandVirtual Realiy
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1 Introduction

Mathematicaland physical modelingof deformableobjectshasa
long history in mechaital engineeringand materialsscience. In
thosedisciplinesthe mainobjective is to modelthe physicalworld
asaccuratelyaspossible.In graphicsapplicationstheprimarycon-
cernis usuallythecomputaional efficiency of generatinglausible
behaiors, ratherthanthe accuratepredictionof exad results. The
mostwidely usedtechnigue to modeldeformableobjectsis to view
materialasa continuum. In this case,the constitutve laws yield
partial differential equationsthat describethe static and dynamic
behaior of the material. Theseequationsare usually solved nu-
merically usingthe Finite ElementMethod (FEM) [Bathe1982] or
finite differenceqgTerzopouloset al. 1987]. Suchsimulationsare
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typically doneoffline — thatis, computersspendminutesor hours
to arrive ata singleansweror a simulationof afew seconds.

Real-timesimulationof deformableobjectsis a youngerfield.
The performanceof moderncomputersaandgraphicshardwarehas
madephysically-basedanimationpossiblein realtime. But even
with today’s besthardwareandmostsophisticatedechniquegDe-
bunneetal. 2001; Wu et al. 2001;Zhuang2000], only a few hun-
dredelementwith smalldeformation$ave beensimulatedn real-
time to date.Sincesimulatingthe dynamichehaior of deformable
objectsin real time is an importantand challengng task, a great
dealof work hasheendonein thefield andalarge variety of tech-
niguesand methodshave beenproposedn the last two decades
[GibsonandMitrich 1997]. Typical applicationsfor real-timede-
formableobjectsincludevirtual sugery [Debunneetal. 2001; Wu
etal. 2001],virtual sculpting,gamesor ary applicationrequiringan
interactive virtual ervironment. A real-timesimulatorcould offer
artiststhe optionto designandtestanimationsnteractiely before
renderingtheir work offline in higherquality.

An interactve simulation systemneedsto meettwo main re-
quirements.It certainlyneedsto be fastenoughto generatel5 to
20framespersecond Speedhowever, is nottheonly requirement.
Ideally, we wantto give the userof the systemcompletefreedom
of action. Thus,stability androbustness@rejust asimportantasthe
framerate.

With the availability of fastcomputerstherehasbeenatrendin
real-timeanimationaway from simplemodelssuchasmass-spring
systemstoward the more sophisticated-inite Elementapproach.
FEM is computationly moreexpensve, but it is physically more
accurae, andtheobjects deformatiorbehaior canbespecifiedus-
ing afew materialpropertiegnsteadof adjustingalarge numberof
springconstantsHowever, becausef its computationhcost,only
the simplestvariantof FEM hasbeenusedso far — namelytetra-
hedralelementswith linearshapeunctions. While not suitablefor
enginee&ing analysis,suchmodelsare sufiicient to obtainvisually
plausibleresults.

Thereis an additionaloption when choosingan FEM model—
namelyhow strainis measuredvith respecto the deformationof
an object. Linear elasticityonly modelssmall deformationsaccu-
rately but its computatioal costis much lower than the cost of
a non-linearstrain measure. One importantfeatureof the linear
approad is that the stiffnessmatrix of the systemis constantand
numericallywell-conditionedyielding afastandstablesimulation.
Underlarge rotationaldeformation,however, objectsincreaseun-
naturallyin volume becausehe linear modelis only a first order
approximatiorat the undeformedstate(seeFig. 7).

Non-linearelasticity on the otherhand,modelslarge rotational
deformationsaccuratéy [Picinbonoetal. 2000]. With anon-linear
strainmeasurethe stiffnessmatrix is no longerconstant.For im-
plicit integrationit mustbe reevaluaed at every time stepasthe
Jacobiarof the non-linearfunctionthatdescribegheinternalelas-
tic forces. This processslows down the simulationandintroduces
numericalinstabilitieswhenthe Jacobiars evaluaed far from the
equilibriumstate. This is why modelshave usuallyonly beensub-
jectedto small displacementsn demonstration®f real-timesys-
temsthusfar. Dramaticdeformationsare not possiblewithout ei-



therslowing the simulatordown or risking numericaldivergerce.

In this paperwe proposea new techniquethatis asfastandsta-
ble aslinear elasticitywhile avoiding the artifactsassociateavith
large deformations.We do this by warpingthe stiffnessmatrix of
the systemaccordingto a tensorfield thatdescribedocal rotations
of the deformedmaterial. In this way, we canusea precomputd
stiffnessmatrix. The evaluaion of thetensorfield is muchcheagr
thanthe costof a singletime step. Our techniqueis easyto un-
derstandandimplement,makingit practicalfor a wide variety of
applications.

1.1 Related Work

Many methodshave beenproposedo simulatedeformableobjects
in realtime. We will discussjust a few recentpublicationsand
paperghatdescribethosetechniqessimilarto ours.

To improve the numericalstability of the simulation,Terzopou-
losetal. [TerzopoulosandWitkin 1988]proposeda hybrid model
thatbreaksa deformableobjectinto arigid anda deformablecom-
ponent. Therigid referencebody capturesthe rigid-body motion
while a discretizeddisplacemat function gives the location of
meshnodesrelative to their positionwithin the rigid body As in
their approachwe handlethe rotationalcomponenf the defor
mationseparatelyHowever, they useonesinglerotationmatrix for
the entire model— namelythe one associatedvith the underlying
rigid bodyframe— evenif regionsof thedeformableobjectundego
largerotationswhile otherregionsdon't rotateat all.

In ArtDefo (AccurateReal Time DeformableObjects)[James
andPai 1999],Jamesetal. usedinearelasticityin connetion with
the BoundaryElementMethod (BEM) to deform objectsin real
time. Becausef thelinearity of themodel,mary systenresponses
can be precomputedcand then combinedlater in real time. How-
ever, thelinearmodelis not accurateor large deformationsaswe
alreadymentioned.

Desbrunet al. [Desbrunet al. 1999] split the forcesin mass-
spring networks into linear and non-linear(rotational)parts. The
rotationalpartis first neglectedto computea rapid approximatia
of the implicit integration. Thenthey correctthe estimateto pre-
sene momentum.

To guarante a real-timeframe rate, Delunneet al. [Debunne
etal. 2001]useanautomaticspaceandtime adaptve level of detail
technique.The body is partitionedin a multi-resolutionhierarcty
of tetrahedrameshesThe high resolutionmeshesreonly usedin
regionsof high stress This reduceghe numberof active elements,
thusincreasinghespeedf thesimulation.We alsousethis method
in our systento furtherincreasehe speedf our simulation.

Wu’s approach[Wu et al. 2001] is very similar to Debunnes
technique. They use progressie meshedo adaptthe numberof
elementsaccordingto theinternalstresses.

1.2 Overview

In the next section,we introducelinear and non-linearmodelsof
static and dynamicdeformationand discusstheir advantags and
disadwantags for real-timesimulation.This motivatesthe needfor
our techniquecalled StifnessWarping, which we describein Sec-
tion 3. We proposetwo ways of computingthe rotation field of
a deformedmeshalong which the stiffnessmatrix is warped. A
comparisorof ourtechniquewith linearandnon-linearapproabes
shavstheadwantags of the method.In thelastsectionwe present
acollectionof ourresults.

2 Modeling Deformation

Thereare a variety of waysto modelthe behaior of deformable
objects. Mass-gring networks are popularin real-timesimulators

becawsethey aresimpleto implement.However, modelsthattreat
objectsasa continuumhave several advantagesover simple mass-
springnetworks. The physicalmaterialpropertiescanbe described
usinga few parametes, which canbelooked up in textbooks,and

the force coupling between masselementsis definedthroughout
thevolumeratherthanaccordingo thespringnetwork. As aresult,

continuousmodelsyield moreaccurateesults.The deformationof

anobjectin sucha modelis describedby a boundaryaluepartial

differentialequation.For realisticobjects,this equationcannotbe

solvedanalytically A standardechniqueto solve it numericallyis

the Finite ElementMethod[Bathe 1982]. Using FEM, anobjectis

subdvidedinto elementf finite size— typically polyhedra— and

a continuousdeformationfield within eachelements interpolated
from thedeformationvectorsatthevertices.Oncetheinterpolation
functionsfor all theelementsarechosenthedeformatiorvectorsat

all the verticesdescribea piecavise continuousdeformationfield.

Thisfield incorporatednto the partial differentialequatioryieldsa

setof simultaneouslgebraicequatiors for thedeformatiorvectors
atthevertices.

Regardlesof thechoiceof elementypeandshapdunctions the
Finite ElementMethodyields an algebraicfunction F' thatrelates
the deformedpositionsof all the nodesin the objectto theinternal
elasticforcesatall thenodes:

felastic - F(X - XO)-, (1)
wherefeigstic = (f1, fa, .. .,fn)T containsthe internalforce vec-
tors of all n nodes,and x = (xi,xa,...,%,)T andxq =

(%01,X02y - -+, x0n)T representheir deformedand original posi-
tions, respectiely. This evenholdsfor mass-sprig networks. The
function F : R3* — R*" is, in generalnon-linearandencapu-
latesthe material propertiesas well asthe type of meshand dis-
cretizationused.

2.1 Dynamic Deformation

In adynamicsystemthe coordinatevectorx is a function of time,
x(t). Thedynamicequilibriumequatiorhasthefollowing form:

M% + C% + F(x — X0) = fax, )

wherex andx arethefirst andseconderivatives of x with respect
to time, M is the massmatrix and C' the dampingmatrix [Cook
1981]. Eqn. (2) definesacoupledsystenof 3n ordinarydifferential
equationdor then positionvectorscontainedn x. To solve them,
the continuous3n-dimensionalfunction x(t) is approximatedby
aseriesof vectorsx®, x',...x%, ..., wherex® approximatesc(i -
At). In afirst step, (2) is transformedinto a systemof 2 x 3n
equationf first derivatives:

b'd =v

Mv = -Cv— F(x — xo) + fou, (3)

wherev is anadditionalvectorof 3n velocities.Althoughthereare
mathemécally moreaccurae integrationmethodqsee[Pozrikidis
1998)), Euler’s first order methodis known to betterhandledis-
continuities(causedfor instance py collisions)thanhigherorder
methodgDesbrunetal. 1999]. Theimplicit form of Euler'smethod
approximats (3) asfollows:

xit! = x' 4+ Atvit?
Mv* = Mv' 4+ At(—Cv — F(x™ — xo) 4+ f457).
4)
In orderto find the positionsandvelocitiesattime (i + 1)At, a
coupledsystemof algebraicequationsieedso be solved, because
the unknovn valuesx®™! andvi*! appearon both sidesof Eu-
ler'simplicit equation.To computepositionsandvelocitiesattime



G=E AUl o=E [N+ (N)]

(rreal ’»

(o}

Figurel: Quadraticstressapproximatesherealstressdeformation
curwe betterthanlinearstresslt is notafull secondorderapproxi-
mationof thereal curve though.
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Figure2: With a methodto prevent materialfrom over-stretching,
thelinearmodelcanfit arealstresscurve appropriately

(¢ + 1)At we useimplicit integrationbecaiseit is stablefor much
largertime stepsthanexplicit integration[Witkin andBaraf 1998],
which only usesguantitiesat time :A¢. (For a detaileddiscussion
of implicit andexplicit methodssee[Witkin andBaraf 1997].)

2.2 Non-Linear Elasticity

In orderfor a strainmeasureo be accuatefor large deformations,
it shouldnotincludetherigid body motionsof the simulationel-
ements. This canbe achieved by defining strainasthe changein
length of an infinitesimal materialvector going from the original
configuratiorto thedeformedconfiguration.In 3D, it is moreprac-
tical to measurethe changeof the squaed length of a vector be-
causethe squaredengthis merelythe dot productof a vectorwith
itself. Thisis why the Green-Lagrangstraintensor[Bathe 1982]
is definedvia the expression

1 (ds)? — (dso)?
5_7E55L’ (5)

wheredso and ds are correspondingnfinitesimal vectorsin the
undeformedand deformedconfigurationrespectiely. The omis-
sion of the squareroot when measuringthe length of a vector
yields quadraticstrain-displacemerdnd stressdisplacementela-
tionships. This is a nice side effect becausdor somematerials,
quadraticstressapproximats the real displacement-stressurve
betterthan linear stress(Fig. 1). Green-Lagrangstrainis not a
full secondbrderapproximatiorof therealstresscurve though,be-
cause,aswith the linear model, thereis only one coeficient (i.e.
Young’s modulusE) to fit thecurve.

Desbrun[1999] describesa methodto prevent material from
over-stretching He approximatesherealstresscurve with apiece-
wise linear function (seeFig. 2). When combina with a linear
stresaneasurethis methodyieldsrealisticresults.Thus,thereason
why onewould usea quadraticstraintensorin computergraphics
andreal-timesimulationds notbecause lineardeformation-stress
relationshipwould not yield plausibleresults,but becausdinear
strain tensorsare not invariant underrigid body transformations,
andthereforeare inappropriatefor renderingrotational deforma-
tionscorrectly

With aquadraticstaintensorthefunction F' describingheinter
nal elasticforcesbecomeshon-linear Thus,in both static(1) and

dynamic(2) simulationsanon-linearalgebraicsystenof equations
hasto be solved. This generallyinvolvesthe computationof the
JacobianJ of F. SinceF is 3n-dimensional,J is a matrix of di-
mensionn x 3n. Eventhough.J is usuallysparseits evaluationis
computatiomlly expensve. Moreover, the numericalconditioning
of .J deterioratesvhenevaluatel far from the equilibriumstate.

2.3 Linear Elasticity

In linearelasticity F is replacedy afirst orderapproximation:

F(x —x0) = K - (x — Xo) + O(||x — x0l[*), (6)

where K is the JacobiandF'/0x of F evaluatedat xg, usually
called the stiffnessmatrix of the system. The stiffnessmatrix is
computedonly oncebeforethe simulationis run. At every time
step,a linear system(usually well conditionel) hasto be solved.
This is why a linear simulationis fasterand more stablethan a
simulationbasedon non-linearelasticity Thedrawbackof this ap-
proach,however, is that large deformationsare not renderedcor-
rectly. More precisely linear elastic forces are invariant under
translationsbut not underrotations. This raisesthe questionof
whethe it is possibleto work with aconstantinearstiffnessmatrix
and extract the rotational part of the deformation. The next sec-
tion describe®ur new techniquecalledStiffnessWarping, whichis
basednthisidea.

3 Stiffness Warping

In linearelasticity theelasticforcesfor asingletetrahedraélement
in 3D areevaluatedasfollows:

felastic =K- (X - XO), (7)

whereK € R'?*'? istheelements stiffnessmatrix andf,qstic, X
andxo € R!'2 containthe elasticforces,the displacedpositions
andtheoriginal positionsof thefour verticesof thetetrahedronAs
long asthe deformedshapex is only stretchedandtranslatedwvith
respecto theoriginal shapexo, thelinearapproab yieldsplausible
results. If thetransformatiorfrom xg to x containsarotation,the
artifactsassociatedvith alinearmodelemenpe.

Let usassumenow thatwe know a globalrotationalcomponent
R, of therigid body transformatiorof the elementwhere R, €
R2*3 is a 3D (orthogonal)rotationmatrix. We canthenconstruct
R. € R!2*12 which containgfour copiesof R,. alongits diagonal
andzeroseverywhee else:

R, 0
Re = Ra (8)
0 Ry

This matrix rotatesguantitiesof all four nodesof thetetrahedron
by the samematrix R,.. If we computetheelasticforcesas

felastic = ReK . (R(le - XO), (9)

we getthe sameforcesasif R, wasnot presenin x (Fig. 3). We
first rotatethe deformedpositionsx backto their original coordi-
nateframeusingtheinverseR; . Theforcesarethencompute in
this coordinateframeas K - (R. 'x — xo) andthenrotatedback
usingRe..

Let k;; bethe3 x 3 sub-matrixof K containingentries Ky,
with 3i — 2 <wv < 3¢and3j — 2 < w < 3j. Using(9), we getfor
theforcef; atvertex i:

fi = Ro Y kis(Ry x5 — Xoy), (10)

j=1



Figure3: If therotationalpart R, of the deformationx is known,
the forcescan be computedwith respectto a deformationR, *x
thatonly containstranslationandstretching.Here,the original el-
ement(a) is deformed(b), andthenrotatedbackinto the original
coordinategframe(c).
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Figure4: Insteadof usinga singlerotationmatrix R, from anun-
derlying rigid body frame (a), we computelocal matricesR; for
everyvertex (b).

where: € (1...4) andx; andxg; arethe displacedandoriginal
positionsof vertex j. If we usethe sameapproab for the entire
meshwe getthefollowing formulafor theelasticforce at vertex i:

n

fi = Ry > kij(Ry 'x; — Xo5), 11)

=1

wherei € (1...n). The k;;’s are now sub-matricenf K €
R3"*37 the stiffnessmatrix of the entire mesh. This raisesthe
questionof what R, — the meshs rotation— shouldbein this case.
If we kepttrackof aglobalrigid bodyframeassociateavith thede-
formablebody asin Terzopoulos’'model[Terzopoulosand Witkin
1988], we could derive R, from this rigid body rotation. For stiff
materialswith little deformationbut arbitrary rigid body motion,
this model would yield acceptale results. Large deformations
otherthanthe rigid body modeswould still yield the typical arti-
factsof alinearmodel,suchasgrowth in volume.

A naturalextensionof the rigid body approachis to useindi-
vidual rotationmatricesR; for every vertex i in the mesh(Fig. 4).
Hence insteadof rotatingthe stiffnessmatrix K, we warp it along
arotationfield describedby the matricesR;,i = (1...n). For f;,
we now get:

fi=Ri» _ kij(R; "%, — Xoj). (12)

=1

The only nonzerok;; in (12) arethosefor which thereis anedge
(,4) in the mesh. Thus, the quantitiesusedto computef; areall

locatedat verticesimmediatelyadjacet to vertex i. Thereforethe
rotationmatrix R; is only usedin thelocal neighborhooaf vertex
1. In thisway, theforce at vertex i is computedexactly asin linear
FEM, ?ut asif thelocal neighborhoof vertex i wererotatedback
by R .

We alsotried to usetheindividual R;’sto computef;

fi = Rq, Z kij (R;lXj - Xoj), (13)

Jj=1

but obsenedthatinstability mayemegewhenmorethanonerota-
tion matrixis involvedin thecomputaion of f; andthatthestability
depend onthemethodusedto computeR;.

Computingthe elasticforcesasin Eqgn. (12) yieldsfastandro-
bust simulations. However, the forcesare not guaranteedo yield
zerototalmomentumaselasticforcesshould.Errorscomefrom the
factthatthesamerotationmatrixis usedn afinite sizeervironment
andalsodependntheway therotationmatricesarecomputel (see
next section).Eventhoughtheerrorsin theforcevectorsatindivid-
ualverticesaretiny anddon't shav aslong asobjectsareanchored,
their sum— if non-zero- actsasa ghostforce on free floating ob-
jects. In [Desbrunet al. 1999] Desbrunshavs how to solwe this
problemby performinga simple and computationdy cheapcor
rectionstepafter every time step. We usedthe sametechniquein
our simulator

3.1 Rotation Tensor Field

We now have to answerthe questionof how to estimatethe local
rotationsof a deformedmesh. Extractingthe rotationalpart of a
mappingbetweentwo arbitrary setsof vectorsis not straightfor
ward and not uniqueif the two setsare not relatedvia a pure 3D
rotation. Oneapproaé to finding an optimal rotation matrix is to
minimizeanerrorfunctionusingaleastsquaresnethod.This, how-
ever, requiregheability to take derivativeswith respecto amatrix.
Lasenbyet al.[1998] describean elegart alternatve that usesge-
ometric algebra[Hestenesand Sobczyk1984]. In the geometric
algebranotation,rotationscanbe representetby multivectors(ro-
tors). Giventwo setsof vectors,the theoryallows for minimizing
with respecto suchrotorsandfor finding optimalrotations.

For two givensetsof vectors{u; } and{v;} with cardinality N
amatrix F € R®**3 is formed:

N
Fij = Z(nl . uk)(nj . V]c). (14)

k=1

wherethe vectorsn;, n, andng areorthonormalbasisvectorsof
R2. In asecondstep, F is decompsedby SVD (singularvalue
decompsition[GolubandLoan1996]),whichyields FF = USVT.
Therotationmatrix R is thensimply givenby the product

R=VvUT. (15)

For our simulator we have alsouseda simplerandfastertech-
nigueto computdocalrotations.We foundthatthestability of Eqn.
(12)is notsensitve to thechoiceof therotationfield andthatevena
very simpleapproacttanyield stableandfastsimulations.Figure
5 illustratesour fasterapproximatiorprocedure.

For correspondingverticesin the undeformedand deformed
meshwe computeorthonormaframesof vectors(ni, na2, n3) and
(n7, n%, ny) basedon a selectionof outgoingedgese; ande;, re-
spectvely. More specifically n; is computedas the normalized
average of threedeterministicallychoseredges.The secondvector
n, is evaluatel asthe crossproductof n; andthe directionof a
choseredge.Thelastvectorng is the crossproductof n; andns.
Thesethreevectorsform a matrix N = (ni,n2, n3). Thesame
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Figure5: A fastway of estimatingthe rotationalpart of the defor
mationat a nodeis to computethe relative rotation betwea two
orthonormalectorframesthatarebasedon the directionsof adja-
centedges.

procedureappliedto the deformedmeshyields a matrix N’. It is
importantthat N’ is computedusingthe exact sameedgesbut in
their deformeddirectionse;. The rotation matrix we are looking
for cannow beevaluatel as

R=N'NT. (16)

In the caseof a rigid body, wherethe two meshesare related
via rotationsandtranslationsonly, this simpleapproactyieldsthe
correctconstantotationmatrix for all thevertices.

3.2 The Algorithm
Let ussummarizehe entiresimulationalgorithm:
o K «— g—i\x:xo (K € R3%3m)
o x¥ — xq;; v] «— Oforalli e (1...n)
e t—0
e loop

— evaluge R; foralli € (1...n)

— solve
Vit =i St = RiTT ke (RT( +
AtVETH) — x05) + £ ]

for all unknavn vi™', i € (1...n)
- setx!™! — x! + Atvit foralli € (1...n)
—t+—t+1

e endloop

The function F(x) : R®® — R*" describesnternal elastic
forcesgiventhedeformedcoordinatest of all n verticesof amesh.
This function doesnot necessarilyneedto stemfrom a Finite El-
ementdiscretization- it canalsobe definedby a spring network.
First,the Jacobiank of F is evaluaed. Thenthepositionsandve-
locitiesof all theverticesareinitialized andthetime is setto zero.

In thesimulationloop, therotationtensoffield is evaluatechased
on the actualcoordinate x! asdescribedn section3.1. Then,the
linear systemfor the unknavn new velocitiesv:* is solved. This
systemis derivedby substitutingEqn.12into Eqn.4for implicit in-
tegration.Notethatthek;; are3 x 3 sub-matricesf K containirg
entriesK,, with 3i — 2 < v < 3iand3j — 2 < w < 3j5. Note
alsothatwe lump the massmatrix M in Eqn.4to thevertices,i.e.
replaceit by its diagonalentriesm;. The positionsof the vertices
arethenupdatedusingthe new velocities beforegoing to the next
time step.
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Figure6: The volume of a barthat deformesundergravity simu-
latedusinglinear, warpedandnon-linearstressneasures.

4 Results

4.1 The Bars

To demonstratéhe advantage of our approachwe compareit to
alinearandanon-linearmodel. In all threecaseswe useimplicit
Eulerintegrationandlumpedinertiaanddampingmatrices A Con-
jugateGradientssolver [Pozrikidis 1998]is usedfor Eqn. 4.

We animatea rectangulabarof 4 x 4 x 11 verticescontaining
450 tetrahedraklements.The block is fixed to a wall on oneside
anddeformsunderthe influenceof gravity (Fig. 7). In thelinear
case the stiffnessmatrix of the objectis evaluatedonceandused
throughouthe simulationto computetheinternalelasticforces.In
thewarpedstiffnesscase we usethe sameconstanstiffnessmatrix
andwarpit alongarotationfield. This field is computedasshavn
in Fig. 5. In thenon-linearcase anew stiffnessmatrixis computed
at every time stepasthe Jacobiarof the non-linearforce function
F basedon Greens straintensor We usean elasticmodulusE of
10° N/m? anda Poissorratio of 0.33, meaningthe volumeof the
materialshouldnot chang substantiallyduringthe simulation.

Fig. 6 depictsthe volume of the block versustime. The linear
modelshavsthetypical growth artifactunderdeformation. As with
the non-linearmodel, our methoddoesnot exhibit this problem.
The time to computeonetime stepis 5 msin the linear case,6
ms for stiffnesswarpingand 12 ms for the non-linearsimulation.
The simulatedtime stepis 10 ms. The experimentshaws that our
approab is nearlyasfastasthelinearmodelbut asaccuateasthe
non-lineamodelin termsof volumeconseration (try our appletat
graphics.lcs.mt.edu/sinulation/warp/).

To demonstratehe stability of stiffnesswarping, we repeated
the simulationwith a longerbarof 4 x 4 x 18 verticesand 765
tetrahedrg(Fig. 7). The linear and warpedstiffnessmethodsstill
yield stablesimulationswith a time stepof 10 ms while the non-
lineartechniqueslivergesevenwith barsslightly longerthanin the
previousexample.

4.2 A Simple Tube

The tube depictedin Fig. 8 is composedf a thousandetrahedra
andit is 50 cmx 13 cmin size. For its materialwe chosea density
of 1 g/cm? anda PoissonRatio of 0.33. The userinteractswith
the systemby grabbingthe tubeat onevertex. This vertex is then
attache to themousevia a spring.In thefirst experiment,only the
upperpartof thetubeis includedin the simulationwhile the lower
partremainsfixed to the groundplane. Whenthe entire modelis
animated the usercanpick it up. It bendsdueto inertial forces.
Thetubeshowvs deformationsaandvibrationswithoutthe artifactsof



alinearmodel. Whendroppedfrom a diagonallyorientedposition
50 cm above the ground,the impactcausegleformationghat can
leadto instabilitiesin the simulation. The following table shavs
thelargesttime stepwe wereableto usebeforethe systembecame
instable.This valuedepend®n the stiffness(Young’s Modulus E)
of thematerial.

E[10°N/m?] | 2.0 1.0 0.5 0.2 0.1
Warp | 30ms 20ms 10ms 10ms 10ms
Non-Linear| 5ms 5ms 2ms 1ms 1ms

As the resultsshaw, the simulationusing the warpedstiffness
techniquecanbe further accéderatedby choosinglargertime steps
thanin the non-linearcase. Smallerelastic moduli causelarger
deformationsafter the impact and smallertime stepsneedto be
taken.

4.3 The Bunny

To generatghe animationdepictedn Fig. 9, we useda volumetric
meshof 5000 tetrahedraThe meshis composeaf abonecoreand
alayerof skintetrahedraOnly thebunry’s head,composeaf 276
bonetetrahedraand 851 skin tetrahedréas animated. We treatall
bonetetrahedraasonerigid body Thisrigid skull canrotateabout
a fixed axis andis attachedo the mousevia a spring. The skin
tetrahedrdollow the movementof the skull dynamically

We usethe deformatiorfield of the tetrahedrameshto animate
atrianglesurfacemeshwith higherresolution(5000 triangles).Ev-
eryvertex in thesurfacemeshis associateavith atetrahedrorin the
volumetricmeshandusests barycetric coordinatewith respecto
thattetrahedrorio interpolateits position.

4.4 The Great Dane

As our last example we animatethe floppy skin of a GreatDane
(Fig. 10). As in the bunry example,we simulatethe bonecoreas
arigid bodyandlet the skin layerfollow its movemerts, but in this
casethe entiremodel(i.e. 753 boneand 1244 skin tetrahedrajs
animated. The elasticmodulus E of the skin in the Danés face
is 10> N/m? — muchlower thanin the previous examples — which
malkesthe surfacelag noticeablybehindthe skull movement. The
visible surfacemeshis formedwith 5000 triangles,the verticesof
which areinterpolatedusingthe underlyingtetrahedramesh.

5 Conclusions

In this paper we have presentech new techniqueto animatede-
formable objectsin real-time. By warping the constantstiffness
matrix of thesystenusedn linearapproachealongarotationfield,
we eliminatethevisualartifactswhile the simulatorremainsassta-

ble andfastasalinearone,evenfor large rotationaldeformations.

In contrasto anon-linearapproachthestiffnessmatrix needsonly
to be computedonce. The samematrix canbe usedthroughouthe
entire simulationfor implicit integration, making the systemfast
androbust. We have alsoproposeda fastway of estimatinga rota-
tion field alongwhich the stiffnessmatrix is warpedat every time
step.

Our examplesshaw that stiffnesswarpingmakes possiblereal-
time animationof detailedmodelsin aninteractve environment.

In the future,we would lik e to incorporatematerialfractureinto
our simulator Stiffnesswarpingworkswith a constansystemma-
trix. Thismatrixchangesvhenthestructureof theunderlyingmesh
changes.Fortunately local changsin the meshonly causelocal
changesn the coeficientsof the global stiffnessmatrix. Suchup-
datescanbe doneincrementlly andwill not slow down the simu-
lation significantly
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Figure7: Threebarsattachedo awall undertheinfluenceof gravity. They aresimulatedusingnon-linear(green) warped(blue) andlinear
(red) strainmeasuresLongerbarsmorenoticeablyshawv theartifactswith linearFEM.

(@) (b) (© (d)

Figure8: A tubeis bentunderuserappliedforces(a), inertial forces(b) andcollision forceswith low (c) andhigh (d) elasticitymodulus.

Figure9: Thebonecore(white) is animatedasarigid bodywhile thebunry’s skin follows it dynamicdly.

Figure10: Thegreatdanes skin hasalow elasticmodulus which makesthe surfacelag noticedly behindthe skull movement.



